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We present a theoretical analysis of the influence of surface roughness on the atomic reflection from an
evanescent wave mirror. In our calculations we assume that light scattered at the rough dielectric surface
interferes with the evanescent wave, creating a rough potential that scatters the atoms. We calculate the
probability of diffuse reflection and the momentum distribution of the scattered atoms with a statistical model
for the rough surface. The atomic reflection is diffuse rather than specular if the surface roughness is comparable to the wavelength of the incident atoms. We discuss the spatial coherence of the reflected matter waves.
We indicate how to generalize our treatment to the case of multilevel atoms. @S1050-2947~97!04002-X#
PACS number~s!: 03.75.Be, 34.50.2s, 39.20.1q, 68.35.Ct

I. INTRODUCTION

Mirrors are key components of optical devices for both
electromagnetic and matter waves. In particular for interferometric applications, it is important to ensure that the reflection at the mirror is specular, since diffuse scattering is
equivalent to a loss of spatial coherence of the reflected
wave. This means that the roughness of the mirror surface
must be kept below the wavelength of the incident wave. The
constraints on surface quality required for matter wave mirrors are therefore more stringent than for optical mirrors if
the de Broglie wavelength is smaller than the optical wavelength. This situation is frequently encountered in atom optics.
We discuss in this paper the diffuse reflection of atoms at
an evanescent wave mirror. This device has been used in
several atom optics experiments @1–7#, including multiple
reflection @8#, diffraction @9–11#, and interferometry @12#.
The atoms are reflected by the repulsive optical potential of a
blue detuned, evanescent light field above the surface of a
dielectric prism. At a sufficiently large detuning, the excitedstate population is small and hence the probability of spontaneous emission is negligible. Recently, however, we have
obtained experimental evidence for a nonspecular reflection,
depending on the quality of the prism surface @13#. In this
experiment, a surface roughness on the angstrom scale was
sufficient to cause a diffuse rather than specular reflection.
Although the optical potential of the evanescent wave prevents the atoms from interacting directly with the surface,
several mechanisms are responsible for an indirect interaction. These include the interaction with stray light that is
scattered from the prism, as well as the modification of the
van der Waals–London–Casimir interaction due to the surface roughness. In this paper, we focus on one particular
effect due to the light scattered at the prism surface: when
this light interferes with the unscattered evanescent wave, it
creates random spatial variations of the optical near-field intensity above the surface. The repulsive optical potential of
the atomic mirror hence acquires some roughness, leading to
a diffuse rather than specular reflection of the atoms.
In order to characterize the scattering of the atoms at the
rough optical potential, we calculate the probability of dif1050-2947/97/55~2!/1160~19!/$10.00
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fuse reflection and the atomic momentum distribution after
reflection. Two different approaches are presented. First, we
treat the scattering of the atomic wave by the rough part of
the optical potential in first-order perturbation theory, using
the Born approximation, i.e., assuming that a small fraction
of the incident atoms is scattered. The atomic momentum
distribution then contains a diffuse background that corresponds to the scattered atoms, in addition to a specularly
reflected peak. We find that the probability of diffuse reflection is equal to the square of the ratio between an effective
mirror roughness and the incident atomic wavelength. The
effective roughness is interpreted as the roughness of the
atomic ‘‘turning point surface,’’ i.e., the isopotential surface
where the optical potential of the rough evanescent wave
equals the incident kinetic energy. We find that the diffuse
reflection of the atoms is similar to the scattering from an
infinite potential barrier located at the rough turning point
surface. This type of potential is known as the ‘‘corrugated
hard wall’’ potential in the scattering of atoms from crystalline surfaces @14–16#. We point out that the effective mirror
roughness is comparable to the surface roughness of the dielectric prism. This implies that the prism surface must be
smooth at the scale of the atomic wavelength for the reflection of the atoms at the evanescent wave mirror to be specular.
In a second approach, we use a thin phase grating approximation to take into account the rough optical potential.
This approach is based on a semiclassical perturbation
method @17# and has been developed for atomic diffraction
by a standing evanescent wave @18,19#. It is equivalent to the
Raman-Nath approximation @20,21# for a transmission grating. The thin phase grating approximation allows us to go
beyond the Born approximation and to cover the diffuse reflection regime where the surface roughness is larger than the
incident atomic wavelength. In this regime, the momentum
distribution of the reflected atoms contains no specular peak
and is broader than in the quasispecular regime. It is interpreted as an average diffraction pattern for an incoherent
ensemble of phase gratings with a large phase modulation.
In both the Born and the thin phase grating approximations, we apply a statistical description for the rough surface
in order to compute the atomic scattering. We model the
1160

© 1997 The American Physical Society

55

DIFFUSE ATOMIC REFLECTION AT A ROUGH MIRROR

surface profile by a random variable whose statistical averages are characterized by a correlation function. This statistical framework allows us to introduce in a natural manner
the spatial coherence function of the reflected atoms. The
coherence function characterizes the quality of the reflection
when the evanescent wave mirror is used in an atom interferometer. It also allows to calculate the average momentum
distribution of the reflected atoms by means of a Fourier
transformation.
The outline of the paper is as follows. We first recall some
results for the atomic reflection at a perfectly flat evanescent
wave mirror in the small-saturation and large-detuning limit
~Sec. II!. We restrict ourselves in the beginning to a twolevel atom and ignore the polarization of the light. The scattered light field above the rough surface is given in Sec. III,
where we recall the results of a perturbative calculation to
first order in the surface roughness @22–27#. In this section
we also introduce the statistical model for the rough surface
and discuss the validity conditions for the light field calculation.
The rough optical potential created by the interference of
the scattered light with the evanescent wave is introduced
and discussed in Sec. IV. In Sec. V we study the diffuse
reflection of atoms at the rough potential by means of the
first Born approximation. Section VI is devoted to the calculation of the atomic scattering in the thin phase grating approach. We show that this approximation recovers the results
of the Born approximation in the quasispecular limit.
We finally outline in Sec. VII the generalization of the
present approach when the light polarization and the atomic
Zeeman sublevel structure are taken into account. This provides the atom optics analog of polarization-resolved light
scattering at rough surfaces. The Appendixes give some results for the atomic motion in the flat evanescent wave mirror ~Appendix A! and the scattering of vector electromagnetic waves at a rough dielectric surface ~Appendix B! that
are used in the text.
II. MODEL POTENTIAL FOR THE EVANESCENT
WAVE MIRROR
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FIG. 1. Geometry of the problem. The totally internally reflected
light beam is scattered by the rough surface. The scattered beam
interferes with the evanescent wave, creating a rough evanescent
wave. The roughness of the evanescent wave mirror renders the
atomic reflection nonspecular.

E ~ r,t ! 5E ~ r! e 2i v L t 1E * ~ r! e i v L t .

~2.2!

We shall further suppose that the atom is moving sufficiently
slowly so that the Doppler shift is negligible compared to the
detuning. The optical potential ~2.1! is then independent of
the atomic velocity. Note that this approximation has to be
reviewed for atoms that are reflected at grazing incidence
@1,3–5#.
B. Flat mirror

The evanescent wave is created by the total internal reflection of a plane light wave with an angle of incidence
u L at the surface of a dielectric with refractive index n, as
shown in Fig. 1. In the absence of surface roughness, the
electric field in the vacuum above the surface z50 is an
evanescent wave
E ~ 0 ! ~ r! 5E 0 exp~ iK•R2 k z ! ,

r5 ~ R,z ! ,

~2.3!

A. Optical potential

In the limit of large detuning compared to the natural
linewidth of the excited state and low saturation of the
atomic transition, the reactive part of the atom-light interaction dominates over the dissipative part. We may then assume that the atom remains in its ground state, neglect spontaneous emission, and describe the atomic motion by the
optical or dipole potential, i.e., the position-dependent light
shift of the atomic ground state. To begin with, we consider
a two-level atom and defer the discussion of polarization to
Sec. VII. The optical potential then takes the form
V ~ r! 5

d2
E * ~ r! E ~ r! ,
\D

~2.1!

where the detuning D is the difference between the light
frequency v L and the atomic transition frequency, d is the
atomic dipole moment, and E(r) and E * (r) are the positive
and negative frequency components of the electric field

where k is given in terms of K by

k 5 Au Ku 2 2k 2L .

~2.4!

We use bold capital letters K,R for vector components parallel to the surface. The electric-field amplitude E 0 at the
surface is related to the incident field by a Fresnel transmission coefficient. The magnitude of the in-plane wave vector
K of the evanescent wave is nk L sinuL , where k L 5 v L /c is
the magnitude of the optical wave vector in vacuum. The
decay length 1/k of the evanescent wave is of the order of
the reduced optical wavelength l L /2p , unless the light wave
inside the dielectric is close to the critical angle.
For a positive detuning D, the optical potential of the flat
evanescent wave ~2.3! is a repulsive barrier that varies exponentially as a function of the distance from the surface
V ~ 0 ! ~ r! 5V max e 22 k z .

~2.5!
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Its value at the surface V max5d2E20/\D gives the maximum
kinetic energy ~in the z direction! of an atom that may be
reflected at the barrier: p 2zi /2M <V max . We suppose that the
incident atomic velocity p zi /M is sufficiently small that we
may neglect tunneling effects and the van der Waals interaction with the surface compared to the optical potential. This
is typically the case when the classical turning point distance
from the surface
z 05

S

2M V max
1
ln
2k
p 2zi

D

~2.6!

FIG. 2. Scattering of the light field by the rough surface.
K,K8 , in-plane wave vectors of the zeroth-order evanescent wave
and the scattered light mode; Q, in-plane wave vector of the surface
roughness; circle, scattered wave vectors with u K8 u 5k L .

is larger than about l L /2 p .
Since the optical potential of the evanescent wave has a
simple exponential form ~2.5!, explicit analytical expressions
for the classical trajectory and the quantum-mechanical wave
function may be found @28–30#. More details are given in
Appendix A.

The Rayleigh approximation yields the following result for
the Fourier coefficients of the scattered light, to first order in
the surface roughness:

III. THE LIGHT FIELD ABOVE THE ROUGH SURFACE

They are proportional to the Fourier component S(Q) of the
surface profile s(R),

E ~ 1 ! ~ K8 ! 5E 0 f ~ K8 ! k S ~ K8 2K! .

A. Result of the Rayleigh theory

Due to the roughness of the prism surface, the electric
field above the surface contains a scattered part, in addition
to the evanescent wave ~2.3!. We focus on surfaces with a
rms surface roughness s small compared to the optical
wavelength, which is typically realized in experiments. The
theory of light scattering at slightly rough surfaces may then
be used to calculate the scattered part of the light field. In
this section we recall the result one obtains for a scalar light
field in the Rayleigh approximation, to first order in the surface roughness.
We only summarize this approach here; more details may
be found in Refs. @22–27,31#. The scattered light field above
and below the surface is expanded in Fourier components
that are either propagating away from the surface or evanescent. The Fourier coefficients are determined by imposing, at
the rough dielectric surface z5s(R), the continuity relations
for the total field ~the field incident from below the surface
plus the scattered field!. The continuity relations are solved
by iteration in ascending powers of the surface profile
s(R). At zeroth order, one finds the usual Fresnel transmission and reflection coefficients for the flat evanescent wave
above the surface ~2.3! and for the internally reflected field
below the surface. To first order in the surface roughness, the
scattered electric field is proportional to the transmitted
zeroth-order field amplitude E 0 , the proportionality factor
being typically of order k s !1.
We write the Fourier expansion of the scattered field
above the surface in the form
E

~1!

~ r! 5

E

d 2 K8 ~ 1 !
E ~ K8 ! exp~ iK8 •R2 k 8 z ! . ~3.1!
~ 2p !2

The scattered field modes are labeled by their in-plane wave
vectors K8 and have decay constants k 8 ~either real and positive or imaginary with Imk 8 ,0) given by

k 8 5 Au K8 u 2 2k 2L .

~3.2!

S ~ Q! 5

E

d 2 R s ~ R! e 2iQ•R,

~3.3!

~3.4!

at the in-plane wave-vector transfer Q between the scattered
and the incident wave
Q5K8 2K.

~3.5!

The dimensionless factor f (K8 ) in Eq. ~3.3! is given by
f ~ K8 ! 5

i An 2 k 2L 2 u Ku 8 2 1 k 8

k

,

~3.6!

where the square root has to be taken with a positive imaginary part for u K8 u .nk L .
Equation ~3.5! shows that a specific Fourier component
Q of the surface roughness excites a scattered field mode
with in-plane wave vector K8 5K1Q from the incident
wave ~see Fig. 2!. For a small wave-vector transfer Q, the
scattered mode is evanescent and the decay constant k 8 is
real. The wave-vector K8 is then located outside the circle in
the figure. For larger wave vectors Q @with magnitude at
least equal to k L (nsin uL21)#, the scattered modes may be
plane waves that propagate above the surface and K8 is then
located inside the circle. In this case, the quantity k 8 in the
expansion ~3.1! is imaginary with k 8 52ik z8 , where k z8 is
the ~real and positive! vertical component of the scattered
wave vector.
B. Statistical model for the rough surface

We describe the roughness of the prism surface by a statistical approach and model the surface profile s(R) by a
random process. The mean surface height vanishes

^ s ~ R! & 50

~3.7!

and its mean square is given by

^ s 2 ~ R! & 5 s 2 ,

~3.8!
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where s is the rms surface roughness. We further assume
that the surface roughness is statistically translation invariant, which means that the correlation function

^ s ~ R1 ! s ~ R2 ! & 5C ~ R1 2R2 !

~3.9!

depends only on the difference DR[R1 2R2 . The correlation function C(DR) is equal to s 2 for DR50 and decreases
to zero for DR→` on a scale equal to the correlation length
l S . We shall suppose that the surface roughness has Gaussian statistics, which means that its higher-order correlation
functions are completely characterized by the average ~3.7!
and the correlation function ~3.9!.
For the Fourier transform S(Q) of the surface profile, as
defined in Eq. ~3.4!, Eqs. ~3.7! and ~3.9! yield the statistical
averages

^ S ~ Q! & 5 ^ S * ~ Q! & 50,
^ S ~ Q1 ! S * ~ Q2 ! & 5 ~ 2 p ! 2 PS ~ Q1 ! d ~ Q1 2Q2 ! .

~3.10a!
~3.10b!

If the rough surface has a finite area A, the average ~3.10b!
becomes, for Q1 5Q2 ,

^ S ~ Q! S * ~ Q! & 5APS ~ Q!

~3.10c!

and vanishes for Q1 ÞQ2 . In Eqs. ~3.10!, PS (Q) is the power
spectrum of the surface roughness and it is equal to the Fourier transform of the correlation function C(DR). The width
d Q S of the power spectrum is related to the surface correlation length l S by

d Q S;

1
.
lS

~3.11!

The rms surface roughness s is obtained by integrating the
power spectrum over all spatial frequencies

s 25

E

d 2Q
P ~ Q! .
~ 2p !2 S

C. Validity of the light-scattering treatment

The validity domain of our calculation of the scattered
light field is limited by two constraints. The first one arises
from the use of the Rayleigh approximation. From numerical
calculations of light scattering at periodic gratings, it has
been found that this approximation is valid if the grating
amplitude is small compared to the grating period @27#. In
the context of rough surfaces, this condition becomes @31#

s !l S ,

evant condition is k L s !1 @27#. Since we are also interested
in the light scattered into evanescent modes ~with decay constant k 8 ), this condition has to be replaced by the somewhat
stronger one that the rms roughness be small compared to the
decay length of the scattered mode @32#

s !1/ k 8 .

~3.13!

where l S is the surface correlation length.
Another constraint comes from the fact that the scattered
light amplitude is calculated only to first order in the surface
roughness. This means that the rms surface roughness s
must be small compared to the wavelength of the incident
and scattered light waves. For far-field calculations, the rel-

~3.14!

A lower limit on 1/ k 8 is obtained from Eq. ~3.2! and

k 8 & u K8 u ' u Qu

~3.15!

for spatial frequencies K8 ,Q large compared to k L . If the
roughness power spectrum has a width d Q S much larger than
the optical wave vector, evanescent modes with wave vectors
up to u K8 u ; d Q S are excited. In this case, the limits on the
surface roughness s imposed by the conditions ~3.13! and
~3.14! are of the same order of magnitude because the correlation length l S is related to the width d Q S of the power
spectrum by Eq. ~3.11!. On the other hand, if the power
spectrum is narrower than the optical wave vector, the correlation length l S is larger than l L . In this case, k 8 ; k and
condition ~3.14! is more restrictive than Eq. ~3.13!.
In this paper we shall always suppose that the conditions
~3.13! and ~3.14! are satisfied. As far as the scattering of light
at the rough surface is concerned, we may hence use the
first-order perturbation theory outlined here.
IV. MODEL FOR THE ROUGH MIRROR POTENTIAL

We now calculate the optical potential of the evanescent
wave mirror in the presence of light scattered at the rough
dielectric surface. We therefore insert the total electric field
and the unscattered and the scattered part @Eqs. ~2.3! and
~3.1!#
E ~ r! 5E ~ 0 ! ~ r! 1E ~ 1 ! ~ r!

~3.12!

We note that an actual measurement of the rms roughness,
with a surface scanning probe for example, involves only a
limited range of spatial frequencies given by the bandwidth
of the experimental device.
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~4.1!

into the optical potential ~2.1!. Since the scattered field amplitude E (1) (r) is small compared to the unscattered field
E (0) (r), the optical potential contains three terms of different
orders of magnitude. To zeroth order in the surface roughness, we recover the flat optical potential V (0) (r) given in
Eq. ~2.5!. The first-order potential V (1) (r) corresponds to the
interference term between the scattered light field and the
zeroth-order field. Finally, there is a second-order potential
V (2) (r) proportional to the square of E (1) (r). Close to the
surface ~at distances of order 1/k ), this second-order term is
small compared to the first-order potential V (1) (r). On the
other hand, it is nonzero in the half space above the surface
because of the propagating modes in the scattered light field.
As mentioned in the Introduction, we focus in this paper on
the roughness of the optical potential around the point where
the atoms are reflected and ignore the potential V (2) (r).
In our model, the roughness of the evanescent wave mirror is therefore described by the optical potential
V ~ 1 ! ~ r! 5

d2
@ E ~ 0 ! * ~ r! E ~ 1 ! ~ r! 1E ~ 1 ! * ~ r! E ~ 0 ! ~ r!# ,
\D

~4.2!
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and corresponds to the first term in Eq. ~4.4!. In the second
Raman transition @Fig. 3~b!#, a photon from the zeroth-order
field is absorbed and another one emitted into a scattered
light mode with wave vector K2Q, leading to the atomic
momentum transfer
DP5\K2\ ~ K2Q! .

~4.7!

The Raman transition amplitude is proportional to @cf. the
second term in Eq. ~4.4!#
E ~ 1 ! * ~ K2Q! E 0 5 k S * ~ 2Q! f * ~ K2Q! u E 0 u 2 . ~4.8!
As a consequence of the relation S * (2Q)5S(Q) @which
follows from Eq. ~3.4!#, the relative phase of the transition
amplitudes ~4.6! and ~4.8! is independent of the ~random!
phase of the Fourier coefficient S(Q). For a given wave vector Q of the surface roughness, the two Raman processes
therefore add up coherently in the rough dipole potential.
FIG. 3. Interpretation of the atomic scattering in terms of Raman
transitions involving absorption and stimulated emission.

V. DIFFUSE ATOMIC REFLECTION
IN THE BORN APPROXIMATION

which is created by the interference between the flat evanescent wave E (0) (r) and the light scattered at the rough surface
E (1) (r) @33#. Using the expansion ~3.1! of the scattered light
field E (1) (r), we represent the rough potential ~4.2! as a twodimensional Fourier integral

In this section we use potential scattering theory in the
Born approximation to characterize the diffuse reflection of
an atomic wave at the evanescent wave mirror. Our treatment
is equivalent to the distorted-wave Born approximation, applied, e.g., in atomic collision theory, and we compute the
transition probabilities among the exact eigenstates in the flat
mirror potential. We define an average differential probability of diffuse reflection by means of the scattering cross section for the rough optical potential V (1) (r). This differential
probability gives the distribution of the in-plane momentum
transfer for the diffusely reflected atoms. We discuss and
analyze this momentum transfer and the total probability of
diffuse reflection. Finally, we estimate the validity of the
Born approximation.

V ~ 1 ! ~ r! 5

E

d 2Q ~1!
Ṽ ~ Q,z ! e iQ•R,
~ 2p !2

~4.3!

with

8 !z #
Ṽ ~ 1 ! ~ Q,z ! 5V maxk S ~ Q! $ f ~ K1Q! exp@ 2 ~ k 1 k 1
8 *!z #%.
1 f * ~ K2Q! exp@ 2 ~ k 1 k 2

~4.4!

The functions f (K6Q) defined in Eq. ~3.6! provide the amplitudes of the scattered light modes with the in-plane wave
8 are the decay ~or propagation! convectors K6Q. The k 6
stants of these modes.
We note that the Fourier transform Ṽ (1) (Q,z) of the rough
potential is proportional to the Fourier amplitude S(Q) of the
surface roughness. The spatial frequencies of the rough potential are therefore the same as those of the rough surface.
However, a given Fourier component of the surface roughness contributes to the rough potential via two scattered light
modes with the in-plane wave vectors K6Q.
We may interpret these contributions in terms of two Raman transitions that both transfer an in-plane momentum
DP5\Q to the atom. These transitions are schematized in
Fig. 3. In the first Raman transition @Fig. 3~a!#, the atom
absorbs a photon from a scattered light mode with wave
vector K1Q and subsequently emits another one into the
zeroth-order evanescent wave. The atomic in-plane momentum transfer for this stimulated Raman process is
DP5\ ~ K1Q! 2\K.

~4.5!

Its transition amplitude is proportional to @cf. Eq. ~3.3!#
~1!
E*
~ K1Q! 5 k S ~ Q! f ~ K1Q! u E 0 u 2
0E

~4.6!

A. Average differential probability of diffuse reflection
in the Born approximation

Consider an atomic wave that is incident upon the evanescent wave mirror with momentum pi 5(Pi ,2p zi ), at an
angle of incidence u i with respect to the mean surface normal ~cf. Fig. 1!. If the mirror potential has no roughness, the
atomic wave is specularly reflected and its wave function is
given by an eigenfunction of the flat potential ~2.5!

c i ~ r! 5exp~ iPi •R/\ ! f p zi ~ z ! .

~5.1!

The z-dependent part of the wave function f p zi (z) is given
in Appendix A. Far from the mirror surface, it is the sum of
an incident and a reflected wave with momenta 7p zi . We
choose the normalization

f p zi ~ z ! 5sin~ p zi z/\1 w ! , z→`,

~5.2!

where w is a phase shift that depends on the incident momentum and the magnitude V max of the zeroth-order potential
@30#.
From the point of view of scattering theory, the rough part
V (1) (r) of the mirror potential induces transitions from the
initial state c i (r) into a final state c f (r) with momentum

55

DIFFUSE ATOMIC REFLECTION AT A ROUGH MIRROR

1165

p f 5(P f ,p z f ). Since the rough potential is time independent,
energy conservation implies that

To calculate the diffuse reflection probability, we are now
left with the matrix element

P2i 1p 2zi 5P2f 1p 2z f .

^ f p z f ~ z ! u exp@ 2 ~ k 1 k 8 ! z # u f p zi ~ z ! & ,

~5.3!

In the first Born approximation, the differential cross section
for this transition is given by
dS
4M 2
5 2 4 z^ c f ~ r! u V ~ 1 ! ~ r! u c i ~ r! & z2
dV f p \
5

4M 2
z^ f ~ z ! u Ṽ ~ 1 ! ~ Q,z ! u f p zi ~ z ! & z2 ,
p 2\ 4 pz f

dw
\ 2 1 dS
5
,
dQ p zi p z f A dV f

which describes the coupling between the initial and final
atomic states due to the rough potential. In the first Born
approximation of potential scattering, it is known that the
momentum change is distributed according to the Fourier
transform of the potential and we expect that the exponential
decay of the field limits the normal momentum change by
u Dp z u [ u p z f 2 p zi u &\ k .

~5.4!

where M is the atomic mass and dV f the element of solid
angle around p f . The prefactor of the scattering cross section
~5.4! is explained by our particular choice of normalization
for the atomic wave functions ~see Appendix A!. By an appropriate normalization of the scattering cross section, as
given in Appendix A, we obtain a differential probability of
diffuse reflection per in-plane wave-vector transfer Q:
~5.5!

where A is the mirror surface area.
This is the diffuse reflection probability for a particular
realization of the rough dielectric surface. In the framework
of our statistical approach, we calculate its average value
with respect to the statistical ensemble ~3.10!. We expect that
the ensemble average equals the average over a large number
of reflected atoms from a single realization of the rough surface, if the atoms are reflected independently and sample
uncorrelated parts of the surface.

K L

dw
5 ~ 2 p ! 22 PS ~ Q! u B at~ Q! u 2 ,
dQ

~5.6!

where B at(Q) is given by
B at~ Q! 5

4M k
\

p zi @\ k ,

Ap zi

pzf

8 !z #
3 ^ f p z f ~ z ! u $ f ~ K1Q! exp@ 2 ~ k 1 k 1
8 * ! z # % u f p zi ~ z ! & .
1 f * ~ K2Q! exp@ 2 ~ k 1 k 2
~5.7!
This function characterizes the diffuse atomic reflection for a
given spatial frequency in the surface roughness.

~5.10!

and in this limit, the matrix element can be written in the
form

^ f p z f ~ z ! u exp@ 2 ~ k 1 k 8 ! z # u f p zi ~ z ! &
5 ~ 2 k ! 21 exp@ 2 ~ k 1 k 8 ! z 0 #
3b

S

D

A S

p z f p z f 1 p zi
p zi 2 p zi

D

k8/k

Dp z k 8
,
,
\k k

~5.11!

where z 0 is the classical turning point for the incident velocity p zi /M in the flat mirror potential.
The dimensionless function b is defined by

b

S

D

S

Dp z k 8
k1k8
2 k8/k
Dpz
,
5
G
1i
\k k
2 G @~ k 1 k 8 ! / k #
2k
2\ k
3G

S

D

k1k8
Dp z
2i
,
2k
2\ k

D
~5.12!

where G is the Euler gamma function. We shall call b the
‘‘overlap factor.’’ It is real ~complex! valued for real ~imaginary! k 8 . One has the explicit expressions @34#

b
b

V max

~5.9!

The integral ~5.8! can actually be done analytically and is
given in Appendix A. We shall concentrate on the semiclassical limit where the atomic de Broglie wavelength is small
compared to the decay length of the potential. This regime
corresponds to an incident momentum with

B. Calculation of the diffuse reflection probability

From the Born cross section ~5.4! and the Fourier component of the rough potential ~4.4!, we find that the average
cross section ^ dS/dV f & is proportional to ^ S(Q)S * (Q) & .
Since this quantity is proportional to the area A @cf. Eq.
~3.10c!#, the finite mirror surface drops out of the average
diffuse reflection probability ~5.5!. The latter is then obtained
as a simple product of the surface power spectrum and an
‘‘atomic response function’’

~5.8!

S D
S D

Dp z
p Dp z /2\ k
,1 5
\k
sinh~ p Dp z /2\ k !

for k 8 5 k , ~5.13a!

Dp z
p /2
,0 5
\k
cosh~ p Dp z /2\ k !

for k 8 50. ~5.13b!

They show that the overlap factor takes its maximum value
for Dp z 50 and decreases exponentially if Dp z is large compared to \ k , which is in agreement with our expectation
~5.9! that the normal atomic momentum change is limited to
\ k . This cutoff implies that we may make the following
approximation in the matrix element ~5.11!:

A S

p z f p z f 1 p zi
p zi 2 p zi

D

k8/k

'1,

~5.14!
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neglecting corrections of relative order u D p z u /p zi &\ k /p zi ,
which are small in the semiclassical regime ~5.10!. To the
same approximation, we may also replace the square root
Ap zi p z f by p zi in Eq. ~5.7!. If we finally express the height
V max of the zeroth-order potential in terms of the turning
point z 0 @Eq. ~2.6!#, we obtain the following result for the
atomic response function ~5.7!:
B at~ Q! 5

p zi
8 !z0#b1
$ f ~ K1Q! exp @~ k 2 k 1
\

* % , ~5.15!
8 *!z0#b2
1 f * ~ K2Q! exp@~ k 2 k 2
where b 6 is a shorthand notation for the overlap factors
8 / k ).
b (Dp z /\ k , k 6
C. Discussion of the diffuse reflection probability
1. Shape of the atomic response function

We discuss in this subsection the behavior of the differential diffuse reflection probability ^ dw/dQ& as a function of
the in-plane atomic momentum transfer DP5\Q. According
to Eq. ~5.6!, the maximum first-order momentum transfer
d P Born is determined by both the width d Q S of the roughness
power spectrum PS (Q) and the width d Q at of the atomic
response function B at(Q).
In order to determine the width d Q at of the atomic response function, we observe three features of the result
~5.15!: ~a! the ‘‘optical response function’’ f (K6Q), which
characterizes the scattering of the light field by a given spatial frequency of the rough surface @cf. Eq. ~3.3!#; ~b! the
8 z0) of the scattered light modes at the
amplitude exp(2k6
distance z 0 of the atomic turning point @cf. Eq. ~3.1!#; and ~c!
8 / k ), which characterizes
the overlap factor b (D p z /\ k , k 6
the coupling between the initial and final atomic wave functions induced by the rough potential @cf. Eq. ~5.11!#.
(a) Optical response function. The absolute value of
f (K8 ) is represented in Fig. 4~a!, as a function of the magnitude u K8 u of the scattered wave vector. We see that the
optical response function is of the order of unity for
u K8 u &nk L and decreases proportional to 1/ u K8 u for larger
wave vectors ~the dashed line!. It therefore introduces a
smooth cutoff for high spatial frequencies in the scattered
light.
(b) Distance of the atomic turning point. Figure 4~b!
shows the absolute value of the light field amplitude
exp(2k8z0) as a function of u K8 u , for different values of the
turning point distance z 0 . We see that for a turning point
rather close to the surface ~the thick solid line!, the amplitudes of the scattered light field are comparable for propagating ( u K8 u ,k L ) and evanescent ( u K8 u .k L ) modes. Figure
5 represents the square of the atomic response function
~5.15! for this turning point distance (z 0 5 21 k 21 ln2). In this
figure the atoms are reflected at normal incidence. The response function has a quite complex shape, but we see that
spatial frequencies much larger than the optical wave vector
do not contribute to the diffuse reflection.
The atomic response function becomes somewhat simpler
if the turning point distance z 0 is larger. The dashed line in
Fig. 4~b! ~for z 0 52 k 21 ln2) then shows that the amplitudes
of evanescent modes are small and only propagating modes

FIG. 4. ~a! Absolute value of the optical response function
f (K8 ) ~3.6!, as a function of the magnitude of the scattered optical
wave vector K8 ~in units of the vacuum wave vector k L ). The
dashed curve gives the asymptotic behavior inversely proportional
to u K8 u for large u K8 u . The refractive index equals n'1.63 and
k 5k L . ~b! Absolute value of the field amplitude exp(2k8z0), as a
function of u K8 u . Thick solid line, turning point rather close to the
surface z 0 5 21k 21 ln2; thin solid line, intermediate distance
z 0 5 k 21 ln2; dashed line, large distance z 0 52 k 21 ln2. ~c! Absolute
value of the overlap factor b ~5.12!, as a function of u K8 u . The
normal momentum difference is D p z 50; this situation is approximately realized at normal atomic incidence.

contribute to the rough potential. The corresponding atomic
response function is represented in Fig. 6. Its dominant features are two disks of radius k L and centered at 6K. For
these spatial frequencies, the diffuse reflection is due to
propagating light modes: in terms of the Raman transitions
of Fig. 3, the left disk corresponds to the transition of Fig.
3~a!, where the absorbed photon with wave vector
K8 5K1Q is propagating ( u K8 u ,k L ). The disk is centered
at 2K because of the recoil from the photon emission into
the zeroth-order evanescent wave. The right disk corresponds
to the transition of Fig. 3~b!, where the emitted photon ~wave
vector K8 5K2Q) is propagating. Note the anisotropy of
the atomic response function: it is broader parallel to the
propagation vector K of the zeroth-order evanescent wave.

55

DIFFUSE ATOMIC REFLECTION AT A ROUGH MIRROR

FIG. 5. Contour plot of the atomic response function u B at(Q) u 2
~5.15! at normal incidence, as a function of the atomic in-plane
wave-vector transfer Q in units of the optical wave vector k L .
Shaded areas correspond to large values of the response function.
The inset shows a profile along the thick dashed line. The turning
point is close to the surface z 0 5 21k 21 ln2 and atoms are incident
with normal momentum p zi 550\ k . The zeroth-order evanescent
wave has an in-plane wave vector K5 A2 k L ex parallel to the x axis
and k 5k L .

(c) Role of the overlap factor. We recall that the overlap
factor b limits the normal momentum difference to
u Dp z u &\ k @cf. Eq. ~5.13!#. At normal atomic incidence, this
does not impose a significant restriction on the width of the
atomic response function because the normal momentum
changes only to second order in the in-plane momentum
transfer \Q: from Eqs. ~5.3! and ~5.9!, we find the limit
d Q at& A2p zi k /\, which, in the semiclassical regime, is typi-

FIG. 6. Same as Fig. 5, but with an increased optical potential
such that the turning point is farther away from the surface:
z 0 52 k 21 ln2.
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FIG. 7. Same as Fig. 5, but at oblique incidence: u i 545° with
normal momentum component p zi 550 \ k . The atoms are incident
in the same plane as the light beam creating the evanescent wave
~the x-z plane! with Pi 550\ k ex . Inside the dashed circles, propagating light modes contribute to the diffuse atomic reflection.

cally large compared to the size of the double disk structure
discussed above.
At oblique incidence, however, the normal atomic momentum changes to first order in \Q because of energy conservation. Parallel to the incident in-plane momentum Pi , the
overlap factor then limits the width of the response function
to spatial frequencies d Q at& k /tanu i , where u i is the atomic
angle of incidence. This is a significant restriction because it
is of the order of the optical wave vector. Perpendicular to
the atomic plane of incidence, the limit for d Q at is large
compared to k L , similar to the case of normal incidence.
This implies that if the atoms are incident at a grazing angle
( u i →90°, but p zi still large compared to \ k ), the diffuse
reflection is strongly suppressed in the atomic plane of incidence. For a sufficiently broad surface power spectrum
PS (Q), the angular distribution of the reflected atoms should
therefore be broader in the direction perpendicular to the
atomic plane of incidence.
In Figs. 7 and 8 we show the atomic response function for
atoms incident at an angle u i 545° for two different experimental situations. ~The turning point is located at z 0
5 21 k 21 ln2, as in Fig. 5.! In Fig. 7 the atomic and optical
planes of incidence coincide ~incident atomic momentum
Pi parallel to the propagation vector K of the zeroth-order
evanescent wave!. In this geometry, the atomic response
function is flattened in the direction parallel to K and its
anisotropy is reduced. In Fig. 8 Pi and K are perpendicular
and the anisotropy of the response function is increased.
Finally, we recall that the overlap factor b also varies
8 of the scattered light modes. Its
with the decay constants k 6
absolute value is shown in Fig. 4~c! for D p z 50, as a function of u K8 u . The coupling between the atomic wave functions is peaked at u K8 u 5k L because the scattered light modes
8 50). The coupling is
are then constant above the surface ( k 6
smaller both for propagating and evanescent modes. For
propagating modes, this is due to the averaging over the
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w5 @ 2 p zi s eff~ u i ,z 0 ! /\ # 2 5

FIG. 8. Same as Fig. 7, the optical plane of incidence ~the x-z
plane! being perpendicular to the atomic plane of incidence ~the
y-z plane! with Pi 550\ k ey .

oscillating field amplitude in the matrix element ~5.8!. This
behavior of the overlap factor enhances the atomic response
function on the perimeters of the two circles identified
above, which is apparent in Figs. 5 and 6 ~cf. also the inset of
Fig. 5, showing a profile of the response function squared
along the dashed horizontal line!. At oblique incidence ~Figs.
7 and 8!, the enhancement is less visible because of the
stronger variation of the momentum difference D p z .
Summarizing, the width d Q at of the atomic response
function B at(Q) is of the order of a few optical wave vectors.
Its detailed shape depends on the distance of the turning
point as well as on the geometry of incidence.
2. Order of magnitude of the diffuse reflection probability

We find the total ~first-order! probability of diffuse reflection w by integrating the differential probability ~5.6! over
all spatial frequencies:
w5

E K L E
dw
d Q
5
dQ
2

d 2Q
P ~ Q! u B at~ Q! u 2 .
~ 2p !2 S

~5.16!

The form ~5.15! of the atomic response function B at(Q) suggests that we may define an ‘‘effective roughness’’
s eff( u i ,z 0 ) for the atomic mirror by the integral

s 2eff~ u i ,z 0 ! [

1
4

E

d 2Q
P ~ Q! u f ~ K1Q!
~ 2p !2 S

8 ! z 0 # b 1 1 f * ~ K2Q!
3exp@~ k 2 k 1
* u2,
8 *!z0# b2
3exp@~ k 2 k 2

~5.17!

where the power spectrum of the rough surface is weighted
by a factor proportional to the square of the atomic response
function. As discussed in Sec. V C 1, spatial frequencies up
to a few optical wave vectors contribute to the effective
roughness ~5.17!. The probability of diffuse reflection ~5.16!
may now be written in the standard form

S

4 p cosu i s eff~ u i ,z 0 !
l dB

D

2

,
~5.18!

where l dB52 p \/ u pi u is the de Broglie wavelength of the
incident atoms. This result shows that the atomic reflection at
the evanescent wave mirror is specular only if the effective
roughness is smaller than the atomic wavelength.
In order to give a more physical interpretation of the
quantity s eff( u i ,z 0 ), we introduce the turning point surface
z 0 (R), where the value of the optical potential is equal to the
incident energy. We note that since the optical potential is
proportional to the optical near field intensity, the turning
point surface is a particular isointensity surface and may be
obtained experimentally by optical near-field microscopy
@35–37#.
In the absence of roughness, the turning point surface
z 0 (R) is flat and located at the turning point z 0 . In the presence of the small rough potential V (1) (r), it acquires some
roughness and its deviation from the mean position is approximately given by @cf. Eq. ~2.6!#

d z 0 ~ R! '

1 V ~ 1 ! ~ R,z 0 !
.
2 k V ~ 0 !~ z 0 !

~5.19!

We may now describe the rough evanescent wave mirror by
an infinite potential barrier located at the rough turning point
surface. This model is known as the corrugated hard wall
potential and is used in the scattering of atoms from crystalline surfaces @14–16#. In the Rayleigh approximation and for
d z 0 (R) small compared to the atomic wavelength, one may
show that this model gives a total diffuse reflection probability of the same form as Eq. ~5.18!. Assuming small scattering
angles, the effective roughness of the atomic mirror is given
by the rms roughness s z 0 of the turning point surface:

s z20 [ ^ @ d z 0 ~ R!# 2 &
5

1
4

E

d 2Q
8 !z0#
P ~ Q! u f ~ K1Q! exp@~ k 2 k 1
~ 2p !2 S

8 * !z 0#u2.
1 f * ~ K2Q! exp@~ k 2 k 2

~5.20!

Comparing this expression to the effective roughness ~5.17!,
we observe that the corrugated hard wall potential does not
reproduce the overlap factors b 6 . The difference between
s eff( u i ,z 0 ) and s z 0 is small, however, if the variation of the
overlap factor b (Dp z /\ k , k 8 / k ) is negligible in the range of
spatial frequencies that contribute to the integral ~5.20!. We
recall that this is the case at normal incidence because the
normal momentum change Dp z is small and b depends
weakly on k 8 , as already shown in Fig. 4~c!.
The concept of the rough turning point surface also allows
us to understand the dependence of the effective roughness
s eff( u i ,z 0 ) on the turning point distance z 0 . According to
Eq. ~5.19!, the roughness of the surface z 0 (R) is determined
by the relative variation of the optical potential at the distance z 0 . Scattered light modes that decay more slowly than
8 , k ) and propagating
the zeroth-order evanescent wave ( k 6
8 imaginary! therefore give contributions to
modes ( k 6
s eff( u i ,z 0 ) and s z 0 that increase with z 0 @cf. Eqs. ~5.20! and
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kinetic energy E i ~far from the surface! be larger than
V (1)
prop(r). As can be seen from Fig. 9, this condition is
equivalent to the requirement that the crossing point z c be
farther from the surface than the turning point z 0 . In terms of
the surface roughness s , this yields the condition

s!

FIG. 9. Zeroth- and first-order optical potentials in logarithmic
scale. Solid line, zeroth-order optical potential V ( 0 ) (z) ~2.5!, with
z 0 the classical turning point; dashed line, optical potential
(1)
V prop
(z) ~5.22! created by the interference of a propagating scattered light mode with the zeroth-order evanescent wave.

~5.20!#. This observation yields a simple estimate for
s eff( u i ,z 0 ): the factor weighting the surface power spectrum
in Eq. ~5.17! is maximum for propagating light modes,
where it is of order e2 k z 0 . The effective roughness is therefore overestimated by s eff( u i ,z 0 )& s e k z 0 . We then find the
following upper limit for the total diffuse reflection probability ~5.18!:

S

4 p cos u i s e k z 0
w&
l dB

D

2

.

~5.21!

The atomic reflection at the evanescent wave mirror is therefore specular only if the rms roughness s of the dielectric
surface itself is smaller than the wavelength of the incident
atoms. Furthermore, if one pushes the turning point z 0 farther away from the surface, by using an optical potential
V max much larger than the incident kinetic energy
E i 5p 2zi /2M , the diffuse reflection probability increases by a
factor e 2 k z 0 5V max /Ei .
Finally, at oblique incidence, the range of wave vectors
that contribute to the effective roughness s eff( u i ,z 0 ) ~5.17!
is smaller due to the narrowing of the atomic response function, as shown in Figs. 7 and 8. As a consequence, the diffuse reflection probability is below the estimate ~5.21!.
D. Validity of the Born approximation

We recall that we describe the rough optical potential
V (1) (r) of the evanescent wave mirror by perturbation
theory. We have seen that for a broad surface power spectrum, the dominant contribution to this potential comes from
propagating light modes: the corresponding optical potential
V (1)
prop(r) is of the order of
1!
V ~prop
~ r! . k s V maxe 2 k z

~5.22!

and crosses the zeroth-order potential at a distance z c given
by

k s .e

2kzc

.

~5.23!

This is illustrated in Fig. 9. A necessary condition for the
perturbation theory to be valid is that the zeroth-order potential V (0) (z) ~close to the surface! and the incident normal

e 2kz0
.
k

~5.24!

We note that this condition is satisfied if the optical perturbation theory for the light scattering at the rough surface is
valid @cf. Eq. ~3.14!#.
In addition, we must verify that the Born approximation
for the diffuse atomic reflection is justified, i.e., that we are
in the quasispecular regime (w!1). According to Eq. ~5.18!,
this regime is characterized by an effective surface roughness
s eff( u i ,z 0 ) small compared to the incident atomic wavelength. At normal incidence, we may use the estimate ~5.21!
for the diffuse reflection probability to find the more practical formulation

s!

l dB
e 2kz0.
4 p cosu i

~5.25!

This condition requires the surface roughness s to be below
the incident atomic wavelength l dB , which is a more severe
restriction than Eq. ~5.24!. At oblique incidence, the diffuse
reflection probability is smaller than the estimate ~5.21! and
the Born approximation remains valid even if the surface
roughness s surpasses the limit ~5.25!.
VI. DIFFUSE ATOMIC REFLECTION
IN THE THIN PHASE GRATING APPROXIMATION

We now present a calculation of the momentum distribution of the diffusely reflected atoms that is able to go beyond
the Born approximation. The rough optical potential of the
evanescent wave mirror is taken into account by a phase shift
of the reflected atomic wave, in a way similar to a phase
grating in conventional optics. The phase-shifted wave function allows us to compute the spatial coherence function of
the reflected atoms. The coherence function gives the ~average! momentum distribution by means of a Fourier transform.
We show that this approach recovers the Born approximation in the quasispecular regime and study then the diffuse
regime where the surface roughness is larger than the atomic
wavelength. For a large decay length 1/k , however, the evanescent wave realizes a thick grating for the atoms and the
thin phase grating approximation becomes invalid, whereas
the Born approximation may still apply, provided the reflection is quasispecular. In addition, we recall that the thin
phase grating approach is a semiclassical method and we are
therefore truly limited to the regime ~5.10!.
A. Principle of the calculation

The central idea of the thin phase grating approach is that
the diffuse reflection from the rough mirror distorts the wave
front of the atomic matter wave. At a fixed position
(R,z5h) above the mirror, we therefore write the reflected
wave function c r (R) in the form
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c r ~ R! 5 c ~r0 ! ~ R! exp@ i d w ~ R!# ,

~6.1!

where c (0)
r (R) is the wave function reflected at the flat mirror and d w (R) its phase shift. The height h is kept fixed and
is suppressed to simplify the notation.
We shall place ourselves in the semiclassical regime
where the atomic wavelength is small compared to the spatial scale of the potential. The phase shift may then be calculated in terms of the action integral along a classical trajectory @17#, in the spirit of the WKB approximation or the
eikonal approximation in optics. The atomic trajectories,
however, are perturbed by the rough potential, which makes
an analytical calculation difficult. In the thin phase grating
approximation, we assume that the perturbation of the atomic
trajectory is small, similar to the Raman-Nath approximation
@20,21#. One can then show from the principle of least action
that the phase shift is found by integrating the rough potential along the unperturbed trajectories in the flat mirror potential @19#. In the context of atomic scattering at a crystal
surface, a similar approach is known as the trajectory approximation @38#.
From the phase-shifted wave function ~6.1!, it is then convenient to calculate the transverse coherence function of the
reflected atoms. In the framework of our statistical description of the rough evanescent wave mirror, this function may
be introduced in a natural manner @39#
G ~ R1 ,R2 ! [ ^ c r* ~ R1 ! c r ~ R2 ! & ,

~6.2!

where the average ^ & is taken with respect to the statistical
ensemble for the rough surface introduced in Sec. III B. We
recall that the coherence function is related to the contrast of
the interference pattern one obtains if the mirror is part of an
atom interferometer. Also, its Fourier transform with respect
to R2 2R1 is equal to the ~average! transverse momentum
distribution of the reflected atoms.
B. Calculation of the phase shift

In the thin phase grating approximation, the phase shift
due to the rough potential V (1) (r) is given by the integral
@17,19#

d w ~ R! 52

1
\

E

dt V ~ 1 ! @ r~ 0 ! ~ t !# ,

~6.3!

(0)

where r (t) is a classical trajectory in the flat potential
V (0) (r). This trajectory is uniquely determined by the requirements that it end at the position (R,z5h) and have the
same initial momentum (Pi ,2p zi ) as the incident atomic
plane wave. For the exponential potential of Eq. ~2.5!, it has
the analytical form @30#
R~ 0 ! ~ t ! 5R0 1Pi t/M ,

~6.4a!

z ~ 0 ! ~ t ! 5z 0 1 k 21 ln cosh~ t/ t ! ,

~6.4b!

where t is the characteristic time scale of the reflection

t5

M
.
k p zi

~6.5!
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The atom reaches the turning point (R0 ,z 0 ), with z 0 given by
Eq. ~2.6!, at time t50. As a function of the final position R,
R0 is given by
R0 5R2

Pi
~ h2z 0 1 k 21 ln2 ! ,
p zi

~6.6!

where we have used that the final height h is much larger
than the decay length 1/ k of the evanescent wave.
To calculate the phase shift, we insert the Fourier expansion ~4.4! of the rough potential V (1) (r) into the integral
~6.3!. Interchanging the integration order, one may solve the
time integral using the variable transformation t°e 22t/ t and
the second Euler integral ~Eqs. 6.2.1 and 6.2.2 of @34#!, with
the result

E

dt e 2 ~ k 1 k 8 ! z

~ 0 ! ~ t ! iQ•R~ 0 ! ~ t !

e

52 t e 2 ~ k 1 k 8 ! z 0 e iQ•R0 b

S

D

Q•Pi k 8
t,
,
M
k

~6.7!

where the overlap factor b defined in Eq. ~5.12! appears
again. We now suppose that b in this expression takes the
same numerical value as in the matrix element ~5.11!. This
approximation is discussed in more detail in Sec. VI D. It
allows us to express the phase shift in terms of the atomic
response function B at(Q) given in Eq. ~5.15!, with the result

d w ~ R! 52

E

d 2Q
S ~ Q! B at~ Q! e iQ•R0 .
~ 2p !2

~6.8!

The thin phase grating approximation is valid if the rough
potential V (1) (r) does not perturb the atomic trajectory very
much. For a quantitative estimate, consider an atom in a
standing evanescent wave, formed by the interference between the zeroth-order evanescent wave and a scattered light
mode. We suppose that this light mode is propagating, in
order to find an upper limit for the perturbation of the atomic
trajectory. Let 2 p /Q be the period of the standing wave and
k s its contrast at the dielectric surface. The optical potential
of the standing wave exerts a transverse force on the atom
that takes its maximum value at the atomic turning point @cf.
Eq. ~5.22!#
F&Q k s V maxe

2kz0

5Q k s e

kz0

p 2zi
2M

.

~6.9!

This force makes the atom move a transverse distance
;F t 2 /2M during the interaction time t ~6.5!. The perturbation of the atomic trajectory is small if this distance is much
less than the period of the standing wave. This condition
yields the following limit for the rms surface roughness s :

s!

8 p e 2kz0 k 2
.
k
Q2

~6.10!

For wave vectors Q of the order of a few optical wave vectors, this condition is less restrictive than the limit ~5.25! for
the validity of the Born approximation. The thin phase grating approximation therefore allows us to go beyond the qua-
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sispecular regime and to cover the experimentally interesting
case of a surface roughness larger than the incident atomic
wavelength.
C. Calculation of the atomic coherence function

From the result ~6.8! for the phase shift, we note that at a
given position R, the phase shift d w (R) is a linear combination of surface heights s(R8 ). It is therefore a Gaussian random process itself @40,41#. This allows us to compute the
ensemble average in the coherence function ~6.2!,
G ~ R1 ,R2 ! 5 ^ c ~r0 ! * ~ R1 ! c ~r0 ! ~ R2 ! exp@ i d w ~ R2 ! 2i d w ~ R1 !# & ,
~6.11!
with the result

F E K L
G

G ~ R1 ,R2 ! 5G ~ 0 ! ~ R2 2R1 ! exp 2w1

dw
dQ

d 2Q

3exp@ iQ• ~ R2 2R1 !# ,

~6.12!

where G (0) (R2 2R1 )}exp@iPi •(R2 2R1 ) # is the coherence
function for the flat mirror and ^ dw/dQ& and w are defined
in Eqs. ~5.6! and ~5.16!, respectively. We now discuss the
coherence function ~6.12! in the quasispecular and diffuse
regimes, respectively.
D. Comparison to the Born approximation

In the quasispecular regime where the diffuse reflection
probability is small (w!1), we may expand the outer exponential in Eq. ~6.12!, giving a coherence function

H

G ~ R1 ,R2 ! 5G ~ 0 ! ~ R2 2R1 ! 12w1

E K L
d 2Q

J

3exp@ iQ• ~ R2 2R1 !# 1••• .

dw
dQ

~6.13!

Taking the Fourier transform of this result with respect to
R2 2R1 , we obtain the momentum distribution of the reflected atoms. We observe that this distribution is the sum of
a specular peak and a background equal to the differential
diffuse reflection probability ^ dw/dQ& obtained from the
Born approximation. An example is shown in Fig. 10~a!.
The comparison to the Born approximation allows us to
establish a validity condition for the thin phase grating approximation in the quasispecular regime. Recall that we only
recover the result of the Born approximation because we
have identified the overlap factor b from the phase shift ~6.7!
with the one appearing in the response function B at(Q)
~5.15!. Thus the arguments of b in both cases (Q•Pi t /M
and Dp z /\ k ) must not differ much on the scale of variation
of the overlap factor. One can show that their difference
arises because the thin phase grating approximation conserves energy only to first order in the in-plane momentum
transfer \Q. Expanding the normal momentum change Dp z
to second order in \Q and comparing the result to \ k , we
find the condition

FIG. 10. Transverse atomic momentum distributions for different values of the parameter w. The distributions are one dimensional and calculated in the optical plane of incidence. For a small
diffuse reflection probability w, the momentum distribution contains a specular peak superimposed on a diffuse background identical to the inset of Fig. 5. The atomic momentum is given in units
of \k L . The incident atoms are plane waves at normal incidence
with p zi 550\k L . ~a! w50.5, ~b! w52, and ~c! w55.

Q2
p zi
!2 cos2 u i .
k2
\k

~6.14!

Since the wave vectors Q, which are relevant for the diffuse
reflection are of the order of a few optical wave vectors ~cf.
Sec. V C 1!, this inequality is satisfied in the semiclassical
regime ~5.10! and for the typical case that the evanescent
wave’s decay length is of the order of the reduced optical
wavelength. On the other hand, the thin phase grating approximation becomes invalid for a large decay length 1/ k . In
this case, the Born approximation may still be used provided,
however, that the reflection is quasispecular @cf. Eq. ~5.25!#.
E. Discussion of the diffuse reflection regime

The diffuse reflection regime corresponds to the limit

^ d w ~ R! 2 & 5w@1,

~6.15!

where the fluctuations of the atomic phase shift are large. We
still use the notation w for the integral of the product of the
power spectrum and the response function ~5.16!. In the dif-
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fuse regime, however, w no longer appears as a total probability of diffuse reflection, but as a measure of the phaseshift fluctuations.
In the regime ~6.15! of large phase fluctuations, we expect
the coherence function G(R1 ,R2 ) to be significantly different from zero only if the positions R1 and R2 are close. We
therefore expand the argument of the exponential in Eq.
~6.12! in powers of Q•(R2 2R1 ). The integral over Q of the
first-order term vanishes if we suppose that the differential
probability ^ dw/dQ& is symmetric with respect to the sign of
the wave-vector transfer. ~Any asymmetry would only lead
to a shift of the mean momentum of the reflected atoms,
however.! The second-order term of the expansion then
yields a coherence function that is Gaussian in R2 2R1 :

F

G ~ R1 ,R2 ! 5G ~ 0 ! ~ R2 2R1 ! exp 2

G

w
g ~ R 2R 1i !
2 i, j5x,y i j 2i

(

3~ R 2 j 2R 1 j ! ,

~6.16!

where the coherence tensor g i j , with

gi j5

1
w

E K L
dQ

dw
Q iQ j ,
dQ

~6.17!

is equal to the average value of the wave-vector transfer
components Q i Q j , weighted by the momentum distribution
of the diffusely reflected atoms in the Born approximation.
The width d P Born of this distribution has been discussed in
Sec. V C 1. The elements of the coherence tensor are therefore of the order of ( d P Born /\) 2 . By Fourier transforming
the coherence function ~6.16! with respect to R2 2R1 , we
find that the momentum distribution in the diffuse regime is
Gaussian with a width of order

d P diff; Aw d P Born .

~6.18!

As a consequence of Eq. ~6.17!, the momentum distribution
shows an anisotropy similar to the diffuse reflection probability ^ dw/dQ& .
We note that d P diff given in Eq. ~6.18! is the width of an
atomic diffraction pattern that would be created by a sinusoidal phase grating with period 2 p \/ d P Born , if the phase
shift of the atomic wave function were modulated with a
modulation index Aw large compared to unity. This is not
surprising because the optical potential above the rough dielectric surface may be understood as an incoherent ensemble of evanescent wave diffraction gratings, each grating
corresponding to a given Fourier component of the surface
roughness. In this picture, the momentum distribution of the
diffusely reflected atoms is obtained by summing the diffraction patterns over the roughness power spectrum. In the quasispecular regime, the diffraction gratings create a small
phase modulation of the atomic wave function and only the
zeroth and first diffraction orders are populated. The width of
the atomic momentum distribution, d P Born , is then given by
the range of spatial frequencies that are present in the ensemble of gratings, as discussed in Sec. V C 1. In the diffuse
regime, the large phase modulation implies that higher orders
are present in the diffraction patterns, up to a maximum dif-
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fraction order approximately given by the modulation index.
Identifying the modulation index and the rms phase shift
fluctuation Aw @cf. Eq. ~6.15!#, we find that the momentum
distribution of the diffusely reflected atoms has a width
d P diff given by Eq. ~6.18!.
For an alternative interpretation, consider the angular divergence of the diffusely reflected atomic wave

du[

d P diff
p zi

.

~6.19!

At normal incidence, we may approximate the total diffuse
reflection probability w by the result of the corrugated hard
wall potential introduced in Sec. V C 2. The estimate ~6.18!
then yields

d u ;2d P Borns z 0 /\,

~6.20!

where s z 0 is the rms roughness of the turning point surface
~5.19!. Since the correlation length of the turning point surface approximately equals \/ d P Born @cf. Eq. ~3.11!#, its rms
slope is of the order of d P Borns z 0 /\. The angular divergence
d u therefore corresponds to the locally specular reflection
from the rough turning point surface.
We give in Fig. 10 a one-dimensional example of the
evolution of the atomic momentum distribution as a function
of the parameter w. The distributions are calculated by taking the Fourier transform of the coherence function ~6.12!
with respect to R2 2R1 . The surface roughness is assumed to
have a constant power spectrum in the wave-vector range
u Qu &5k L . Figures 10~a!–10~c! show the broadening of the
diffuse part of the momentum distribution for increasing values of w. In the diffuse reflection regime, the distribution is
completely dominated by the diffuse part.
VII. LIGHT POLARIZATION
AND ATOMIC ZEEMAN SUBLEVELS

So far we have treated the atom as a pure two-level atom
with only one lower and one upper state and we have treated
the electric field as a scalar field. In this section we outline
the modifications of our results when the polarization of the
light field and the Zeeman degeneracy of the atomic levels
are taken into account. We recall that in the field of laser
cooling these ‘‘modifications’’ shifted the main line of interest from Doppler cooling and cooling in intense fields to
sub-Doppler cooling with polarization gradients and the still
evolving field of subrecoil cooling @42–46#. Polarization gradient cooling mechanisms are not only theoretical suggestions for different and interesting cooling experiments; they
are inevitable in situations of laser cooling of real atoms in
three dimensions.
The internal sublevel structure of atoms also leads to different and interesting effects in atom optics, by the possibility of tailoring specific potentials for the atomic motion. For
example, large-angle diffraction from a triangular potential
has been demonstrated by combining a polarization gradient
laser field and a magnetic field @47#. Also, atomic interferometry with spatially overlapping trajectories is possible using superpositions of internal states @48#. In closer connection to the present work, the coherent reflection of multilevel
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atoms from a light field has recently attracted considerable
attention @49–51#. Using numerical integration of the Schrödinger equation, it has recently been shown @52# that incorporation of the multilevel structure leads to larger diffraction
probabilities, in agreement with experiments @9,10#.
This section of the paper is motivated both by our interest
in identifying the different qualitative features emerging
when the light polarization and the atomic Zeeman sublevel
structure are taken into account and by the obvious need of
establishing a connection between our model studied above
and the expected outcome of real experiments. We shall stay
in the limit of large detuning and low saturation of the
atomic transition, and in analogy to Eq. ~2.1!, the groundstate light shift ~2.5! becomes an operator acting only on the
ground state
V̂5

d2 2
~ d •E* !~ d1 •E! ,
\D

~7.1!

where, in addition to the position dependence, entering
through the electric-field vector E, the light shift is an operator acting on the Zeeman manifold as indicated by the raising
and lowering parts of the atomic dipole operator dd6 . The
matrix elements of the dimensionless operators d6 are given
by the Clebsch-Gordan coefficients, and although the excited
state is eliminated @Eq. ~7.1! couples only the ground states#,
the potential results from the direct coupling of the ground
and excited states by the laser field and the operator depends
on the excited-state degeneracy through the values of the
Clebsch-Gordan coefficients.
First, we shall consider the reflection of atoms at the light
field above a perfectly flat surface. We then take the surface
roughness into account, to first order in the scattered light
field, and following the approach in Sec. V, the diffuse
atomic reflection is calculated in the Born approximation.
We refrain from generalizing the thin phase grating approach
of Sec. VI to this situation. The problem is similar to the one
of semiclassical approaches to sub-Doppler cooling: without
surface roughness, different potentials @position-dependent
eigenvalues of the light-shift operator ~7.1!# are identified,
resulting in an ambiguous choice of the classical trajectory
and hence a difficulty in consistently accumulating the effect
of the potential on the atomic motion; cf. Eq. ~6.3!.

FIG. 11. Transitions among atomic sublevels and our shorthand
notation for the Clebsch-Gordan coefficients.

Suppose now that an atom is incident on the evanescent
field and that the atom enters in a superposition of the internal eigenstates of V̂0 . The reflection is specular, but the different components acquire different phases and, e.g., an initial state with maximal angular momentum with respect to
the z axis, u m z 5J & , may be detected in the reflected beam
with amplitudes on different m z states showing interferences
as a function of the atomic momentum. The phase shift of
the atomic wave for the reflection by any of the potentials
~7.2! is known @30#, but the only quantities needed for the
interference problem are the differences between the phase
shifts. Due to the common exponential character of the potentials, their amplitude differences are equivalent to a shift
in the location above the dielectric at which they assume
identical values. This implies that the wave functions in each
potential are also identical up to a shift in the z dependence,
which is simply obtained, e.g., from the locations of the different classical turning points ~2.6!. For different eigenvalues
m,m 8 of the y component of the internal angular momentum,
we simply have
z m 2z m 8 5

S

D

c p~ m ! 2
1
ln
.
2k
c p~ m 8 ! 2

~7.3!

We now match the asymptotic ingoing amplitudes of atoms
arriving with the momentum component 2p z along the z
axis in an arbitrary internal superposition state
u x in& 5

(m a mu m &

~7.4!

and we obtain the internal state of the reflected atoms

A. Flat mirror

If we consider a planar dielectric surface and an incident
field with the electric-field vector parallel with this surface
~TE polarization!, we obtain an evanescent wave with its
polarization vector pointing along the same direction, e.g.,
Ei 5E 0 ey , Ki ex . It is then convenient to adopt the y direction for the quantization of the internal atomic angular momentum and to introduce the resulting eigenstates u m & . Using
the Clebsch-Gordan coefficients defined in Fig. 11, we can
write out the light-shift potential operator ~7.1! in matrix
form and, due to our choice of quantization axis, this matrix
becomes diagonal with elements
V̂0 ~ m→m ! 5c p ~ m ! 2 V maxe 22 k z ,
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~7.2!

where V max5d2E20/\D is the scalar value of the dipole potential at the surface.

u x out& 5

(m a m exp@ 2ip z~ z m50 2z m ! /\ # u m & ,

~7.5!

where a common phase factor @the phase shift for reflection
at the potential ~7.2! with m50# has been omitted.
If the incident atom is in a given internal eigenstate u m & ,
we observe that the reflection is both specular and scalar as
in Sec. II. This situation will therefore present the most clear
case for studies of the effect of surface roughness on the
reflection properties of the mirror.
B. Rough mirror

In the case of the rough mirror, we again focus on the
diffusely reflected atomic wave and we note that since the
surface roughness implies scattered light with different po-
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larization components, the diffuse reflection may be accompanied by changes of the internal state, also in the basis of
internal angular momentum with respect to the y axis. We
find that the elements of the Raman matrix that generalizes
the rough potential V (1) ~4.2! are proportional to the scattered field components with the corresponding polarizations.
For example, the matrix element proportional to the field
component with s 2 polarization for the diffuse reflection
from the u m5J & substate into the u m5J21 & substate is
given by

^ J21 u ~ d2 •ey !~ d1 •f! u J & 5c p ~ J21 ! c 2 ~ J !~ f z 1i f x ! / A2.

~7.6!

We give in Appendix B, Eq. ~B2!, the polarization vector f
of the scattered light, to first order in the surface roughness.
We note from its expression that the light scattered in the
optical plane of incidence ~the x-z plane! remains polarized
parallel to the y direction. Equation ~7.6! therefore implies
that the atomic reflection is scalar in this plane. However,
this property breaks down if we take into account higherorder terms of the surface corrugation in the scattered light
field @53#.
We generalize the Born approximation applied in Sec. V
and we first identify the initial and final states c i, f as internal
Zeeman substates u m i, f & . For convenience we introduce the
shorthand notation
c i, f 5c p ~ m i, f ! 2 .

~7.7!

The initial and final states are taken as eigenstates of the
zeroth-order potential as discussed above. Transitions among
states with different m values are induced by the surface
roughness, and to lowest order we note the ‘‘selection rule’’
Dm50,61.
For the diffuse reflection probability, we need to calculate
the matrix element ~5.8! between the wave functions f p zi, f .
The wave functions are known as in the scalar case, and this
overlap is again obtained in closed form. In the case of identical light shifts, one recovers the result for the scalar case
~5.11!, with the turning point z 0 replaced by z f 5z i 5z m i, f .
This is not surprising since the Clebsch-Gordan coefficients
c i 5c f simply shift the dipole potentials, and hence the wave
functions f p zi, f , by a common distance for both states.
On the other hand, if the atom is coupled to a state with a
different light shift, we find a correction to the matrix element ~5.11!. Assuming again the semiclassical limit
p zi, f @\ k , it takes the form

^ f p z f ,m f u exp@ 2 ~ k 1 k 8 ! z # u f p zi ,m i &
5 ~ 2 k ! 21 exp@ 2 ~ k 1 k 8 ! z i # b

S

D

Dpz k8
,
F~ z f 2z i ! ,
\k k
~7.8!

where the last factor depends on the distance between the
turning points of the initial and final states, the momenta
p zi, f , and the decay constant k 8 and is given in the Appendix, Eq. ~A13!. We have the following expression for the
matrix element ~7.8! in the particular case that the momen-
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tum difference vanishes and the decay constants are equal
~Eq. 15.3.1 of Ref. @34#!, i.e., Dp z 50, k 8 5 k :

^ f p z f ,m f u exp@ 2 ~ k 1 k 8 ! z # u f p zi ,m i &
5 ~ 2 k ! 21 exp@ 2 k ~ z i 1z f !#

\ k sin@ p zi ~ z f 2z i ! /\ #
.
p zi sinh@ k ~ z f 2z i !#
~7.9!

It shows that the overlap integral is maximum if the turning
points z i and z f coincide. As a function of the difference
z f 2z i , it oscillates with a period equal to the incident atomic
wavelength 2 p \/p zi . If the turning point z i becomes separated from z f by more than the decay length of the potential,
the overlap is still oscillating at the same period, but it decreases proportional to exp(2kuzi2z f u). At normal incidence,
where the momentum change D p z is close to zero, we therefore expect that the atomic scattering into a different sublevel
is reduced if the corresponding light shifts differ much.
It is interesting to note that for a fixed distance between
the turning points, there are particular values of the incident
atomic momentum where the matrix element ~7.9! is zero:
p ~zil ! 5

p l\
,
u z f 2z i u

l51,2, . . . .

~7.10!

In these situations, the diffuse reflection probability into the
Zeeman sublevel m f vanishes because the stationary wave
functions f p zi, f in the overlap integral are shifted in such a
way that they are approximately in phase quadrature.
More generally, we have found that the overlap ~7.8! is
peaked if the classical turning points z i and z f coincide. This
Franck-Condon principle leads to a favored transfer of kinetic energy between the normal and in-plane components
equal to the potential-energy difference at the common turning point.
As an example, consider a final state u p z f ,m f & in a stronger potential than the initial state, c f .c i . The overlap is
then maximum for a final momentum p z f .(c f /c i ) 1/2p zi
larger than p zi . For atoms incident at an oblique angle, this
enhances in-plane momentum transfers \Q antiparallel to the
incident momentum Pi because they are associated with an
increase of p z f . Momentum transfers parallel to Pi ~in the
‘‘forward’’ direction! are suppressed because they lead to a
negative normal momentum transfer D p z ,0. The momentum distribution of the atoms scattered into a different sublevel may therefore differ significantly from the scalar results
shown in Figs. 7 and 8.
In summary, we are able to compute, within the Born
approximation, the momentum distribution of the diffusely
reflected atoms in the different Zeeman sublevels. The internal state transitions are driven by the different polarization
components of the optical near-field given by the expression
~B2! in Appendix B. We already noted that within the x-z
scattering plane the light is polarized along the y axis and an
important difference from the scalar case is indeed the correlation between the diffuse reflection in different directions
and the change of internal sublevel. A detection of the internal state content of atoms reflected in different directions
may hence serve as a probe of the polarization structure of
the optical near field. In addition, the atomic scattering be-
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tween different sublevels is accompanied by a conversion
between internal and kinetic energy. With respect to the scalar case, this may significantly change the momentum distribution of the atoms that are scattered between different Zeeman substates.
VIII. CONCLUSION

In summary, we have studied the scattering of atoms from
the optical potential created by both an evanescent and scattered light field above a rough dielectric surface. The atomic
scattering is sensitive to height variations of the dielectric
surface at the scale of the incident atomic wavelength l dB
and spatial frequencies of the roughness up to a few optical
wave vectors are relevant. The momentum distribution of the
scattered atoms, averaged over a large number of samples of
the rough surface, gives access to the power spectrum of the
surface roughness in this spectral range.
Our results have important experimental ramifications.
Consider, for instance, an atom interferometer where the atoms are reflected at an evanescent wave mirror in one arm
and interfere with an atomic reference beam. Due to the distortion of the reflected atoms’ wave front, the contrast A of
the ensemble-averaged atomic interference pattern is reduced
by a Debye-Waller-type factor @54# and equals
A5 ^ exp@ i d w ~ R!# & 5exp@ 2 21 ^ d w ~ R! 2 & # 5e 2w/2,

~8.1!

which may be shown using the characteristic function for the
surface profile s(R) @41#. In the quasispecular regime, the
contrast A'12w/2 is equal to the probability amplitude of
the specularly reflected atoms. For a larger diffuse reflection
probability, the fringe contrast and the specular peak decrease exponentially.
Another important prediction of our theory is that even
for an isotropic roughness spectrum, the momentum distribution of the reflected atoms shows a significant asymmetry. At
normal incidence, the atoms are predominantly scattered parallel to the propagation direction of the evanescent wave. At
a finite angle of incidence, the asymmetry of the momentum
distribution depends on the relative orientation of the optical
and atomic planes of incidence: the approximate conservation of normal momentum causes the scattering to occur predominantly perpendicular to the atomic plane of incidence.
Furthermore, when the light polarization and the atomic Zeeman degeneracy are taken into account, the populations of
different internal states become correlated with the scattering
directions and the conversion between internal and kinetic
energy may lead to a significant increase of the normal momentum transfer.
Our results suggest that the diffuse atomic reflection from
the evanescent wave above a corrugated dielectric surface
may serve as a probe of the surface quality at the scale of the
atomic wavelength. We note that this surface probe is
complementary to optical near-field microscopy @35–37#. Indeed, the turning point surface we introduced to interpret the
atomic scattering is a particular isointensity surface that may
be obtained directly by a scanning near-field optical microscope operated in the constant-intensity mode. The atomic
scattering presents two advantages because the perturbation
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of the optical near field due to the atoms is negligibly small
and because the atoms are sensitive in a straightforward way
to the light polarization of the near field.
The van der Waals interaction, which has recently been
investigated by the reflection of atoms at an evanescent wave
mirror @55#, introduces an additional rough potential related
to the surface roughness. But for typical turning point distances, one may show @56# that it is small compared to the
rough optical potential we considered here. In the case of
multilevel atoms, there is another consequence of the van der
Waals interaction: the phase shifts of specularly reflected
Zeeman substates are modified because they probe this interaction at different distances.
Finally, we did not consider the optical potential V (2) associated with the intensity u E (1) u 2 of the light scattered into
the half space above the dielectric. A model of the interaction between the atom and, e.g., the far-field speckle pattern
would be a natural extension of the present work.
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APPENDIX A: EXACT SOLUTIONS
FOR THE EXPONENTIAL POTENTIAL
1. Wave functions

We give here the solution f p zi (z) of the one-dimensional
stationary Schrödinger equation with an exponential potential
2
p 2zi
\ 2 d f p zi
22 k z
f p zi ~ z ! 5
f ~ z !.
2
2 1V maxe
2M dz
2M p zi

~A1!

Assume for simplicity that the exponential potential applies
for all values of z, positive and negative. The region of large
negative z is classically forbidden since the potential becomes larger than the atomic energy. The solution of Eq.
~A1! that vanishes in this region reads @28–30#

f p zi ~ z ! 5

A

P
sinhp PK i P ~ P maxe 2 k z ! .
p

~A2!

The ~real! function K i P (x) is a modified Bessel function of
the second kind @34#. The wave function ~A2! is normalized
to a sine wave of unit amplitude in the asymptotic region.
The positive numbers P and P max are given by

P5

p zi
,
\k

P max5

A

2M V max
.
\ 2k 2

~A3!
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2. Differential scattering probability

We first derive the expression ~5.4! for the scattering
cross section in the first Born approximation. To this effect,
we normalize the wave functions ~A2! in a large box of
length L ~in the z direction! and area A ~parallel to the average mirror surface!. Imposing periodic boundary conditions in the x and y directions and an infinite hard wall at
z5L, the atomic momenta are quantized with spacings

d p x,y 5

2p\

AA

,

d p z5

p\
L

~A4!

~A5!

~A6!

where c̃ i, f are normalized wave functions. The dimensions
A,L of the box then drop out, as they should, and we find the
cross section ~5.4!.
This scattering cross section has to be normalized because
the atom interacts with a potential that extends over an infinite surface, in contrast to the spatially localized potentials of
usual scattering theory. A ~differential! probability of diffuse
reflection dw/dV f is defined by normalizing the number of
scattering events per unit time and unit element of solid
angle dN sc /dV f dt to the number of incident atoms per unit
time dN i /dt. According to the definition of the cross section,
we have

Using energy conservation ~5.3!, one finds expression ~5.5!.
3. Matrix element

The matrix element ~5.8! involves the wave functions
f p zi, f (z), which correspond to asymptotic momenta p zi, f and
~for scattering into another Zeeman substate! potential magnitudes c i, f V max . We make the variable transformation

I~ P i , P f ,b, g ! 5

E

I~ P i , P f ,b, g !
5

~A8!

where cosui is the projection of the surface normal onto the
direction of the incident atoms. The differential probability
of diffuse reflection is therefore given by
dw
dS
1
5
.
dV f A cosu i dV f

~A9!

We shall also express the solid angle element dV f in terms
of the atomic in-plane wave-vector transfer element dQ:

`

0

du u g 21 K i P f ~ u ! K i P i ~ bu ! ,
~A12!

S

P f2 Pi
2 g b i Pi g
G 1i
8 G~ g ! 2
2
3G

S

DS

D S
G

P f2 Pi
g
2i
2
2

P f1 Pi
P f1 Pi
g
g
1i
G 2i
2
2
2
2

3 2F 1

F

D

D

G

P f2 Pi g
P f1 Pi
g
2i
, 1i
; g ;12b 2 ,
2
2
2
2
~A13!

where 2 F 1 is the hypergeometric function @34#
2 F 1 @ a 1 , a 2 ; g ;x # 5

G~ g !
G~ a1!G~ a2!
3

~A7!

where j i is the incident atomic probability current. The number of incident atoms per unit time is infinite if we consider
incident plane waves and a scattering potential that extends
over the whole x-y plane. Taking the limit of a large, finite
mirror surface with area A, it is given by
dN i
5 j i A cosu i ,
dt

~A11!

where P i, f are related to p zi, f by Eq. ~A3!. The parameters
g ,b are defined as g 5( k 1 k 8 )/ k and b5(c i /c f ) 1/2. The
integral ~A12! equals ~Eq. 6.576.4 of Ref. @57#!

`

dN sc
dS
5 ji
,
dV f dt
dV f

~A10!

The matrix element then leads to an integral of the form

The normalization factor for the wave functions c i f (r) ~5.1!
then equals A2/AL and the probability current of the incident
wave is j i 5 u pi u /2M AL. We now insert these expressions
into the usual formula for the differential cross section in the
Born approximation
dS
dn
2p 1
5
z^ c̃ f u V 1 ~ r! u c̃ i & z2
,
dV f
\ ji
dE f dV f

\ 2 dQ
.
u p f u 2 cosu f

z°u5 Ac f P maxe 2 k z .

and the final density of states equals
dn
AL
5M u p f u 3 3 dV f .
dE f
4p \

dV f 5

(
n50

G ~ a 1 1n ! G ~ a 2 1n ! x n
.
G ~ g 1n !
n!

~A14!

For b51, the hypergeometric function in Eq. ~A13! reduces
to unity. We note that in this case, one may easily compute
the integral ~A12! using an integral representation for the
Bessel K function ~Eq. 9.6.24 of @34#!.
We obtain the result ~5.11! by taking the semiclassical
limit P i, f @1 in Eq. ~A13!. The calculation is carried out
using the asymptotic expansion of the gamma function ~Eq.
6.1.41 of @34#! and expanding the normalization factor of the
wave functions ~A2!.
In the case of Zeeman sublevels with different light shifts,
the factor F(z f 2z i ) has the form
F~ z f 2z i ! 5

S

p 2z f
p 2zi

e

2 k ~ z f 2z i !

F

D

i p z f /\ k

G

p 2z f 2 k ~ z 2z !
k1k8
f
i ,
3 2F 1 a 1 , a 2 ;
; 12 2 e
k
p zi
~A15!
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with a 1 , a 2 given by

a 1,25

1177

E~ 1 ! ~ K8 ! 5E 0 f ~ K8 ! f~ K8 ! k S ~ K8 2K! ,

k1k8
p z f 6p zi
2i
.
2k
2\ k

~A16!

The factor F(z f 2z i ) is real for real k 8 ; this follows from the
property
2 F 1 @ a 1 , a 2 ; g ;x # 5 ~ 12x !

g2a12a2

2 F 1 @ g 2 a 1 , g 2 a 2 ; g ;x #

~A17!

of the hypergeometric function ~Eq. 15.3.3 of @34#!.
APPENDIX B: POLARIZATION
OF THE SCATTERED LIGHT

~B1!

which is similar to the scalar result given in Eq. ~3.3! and
where the ~unnormalized! polarization vector f(K8 ) equals
f~ K8 ! 5e0 2

~ k18 •e0 ! kn8
~ k18 •kn8 !

.

~B2!

In this expression, k18 5(K8 ,i k 8 ) is the ~three-dimensional!
wave vector of the scattered light wave above the plane
z50, with k 8 defined in Eq. ~3.2!, and k8n 5(K8 ,k 8n ) where
2k n8 is the normal component of the scattered wave vector
below the plane z50:
k n8 51 An 2 k 2L 2 u K8 u 2 ,

~B3!

The scattering of polarized light at a rough surface may be
calculated by an extension of the Rayleigh approximation of
Sec. III @25,53#. The boundary conditions for the electromagnetic field are the continuity of the tangential components of
the electric- and magnetic-field vectors across the surface.
For light with arbitrary polarization, the Fourier component E(1) (K8 ) of the transmitted field to first order is linearly
related to the electric-field vector E 0 e0 of the zeroth-order
evanescent wave, according to @25#

and the imaginary part of the square root is determined by
Imk 8n .0. In the case of a TE-polarized light wave incident in
the x-z plane with K5K x ex and polarization vector e0 5ey ,
the light scattered in the optical plane of incidence
K8 5K 8x ex remains TE polarized since the second term in Eq.
~B2! vanishes and the polarization vector f(K8 ) reduces to
e0 .
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